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Abstract 

Conformal invariant new forms of p-brane and Dp-brane actions are proposed. 
The field content of these actions are: an induced metric, gauge fields, an auxiliary 
metric and an auxiliary scalar field that implements the Weyl invariance. This scalar 
field transforms with a conformal weight that depends on the brane dimension. The 
proposed actions are Weyl invariant in any dimension and the elimination of the 
auxiliary metric and the scalar field reproduces the Nambu-Goto action for p-branes 
and the Born-Infeld action for Dp-branes. As a consequence of the fact that in the 
p-brane case, the action is quadratic in OqX, we develop a complete construction for 
the associated canonical formalism, solving the problem in previous formulations of 
conformal p-brane actions where the Hamiltonian can not be constructed. We obtain 
the algebra of constraints and identify the generator of the Weyl symmetry. In the 
construction of the corresponding super symmetric generalization of this conformal p- 
brane action we show that the associated K-symmetry is consistent with the conformal 
invariance. In the Dp-brane case, the actions are quadratic in the gauge fields. These 
actions can be used to construct new conformal couplings in any dimension p to the 
auxiliary scalar field now promoted as a dynamical variable. 



1 Introduction 



The underlying extended objects that allowed recent progress in string theory, are the 
p-branes and Dirichlet branes 0, or Dp-branes. The p-branes are extended structures 
embedded in a higher dimensional space-time from which it inherits an induced metric. 
The dynamical properties of such objects are described by the Nambu-Goto action and 
its generalizations for p-branes that are now proportional to the world-volume. For the 
case p = 1 (string theory) the Nambu-Goto action, given in terms of the area of the 
string worldsheet can be replaced with a classically equivalent action involving an auxiliary 
worldsheet metric and local conformal symmetry In contrast with the non-polynomial 
Nambu-Goto action the new action is quadratic in the derivatives of the coordinates. 
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The introduction of the worldsheet metric as an auxihary field admits a covariant gauge, 
simphfying the analysis and allowing a covariant quantization . Conformal invariance or 
rather Weyl invariance as local worldvolume symmetry can be implemented for all extended 
objects, not just strings (p = 1). A proposal for the construction of a Weyl invariant action 
for any p gives a higher non-polynomial action that prevents the construction of the 
associated canonical formalism as well as the study of symmetries and quantum properties. 
An attempt to develop the canonical analysis of this type of actions was proposed in 0. 
Here, we present a different solution to this problem. We construct a new Weyl invariant 
action using an auxiliary scalar field, for which the standard rules of the canonical analysis 
can be applied. 

On the other hand the Dp-brane is the (p+ 1) dimensional hypersurface in space-time 
where the open strings can end and its dynamics is induced by the open strings attached 
on it. They have been crucial in diverse topics like dualities [0, black hole physics 
AdS/CFT correspondence and M-theory [|^. The action that describes the dynamics 
of these objects is of Born-Infeld (BI) type [|11|]. An action which is quadratic in the gauge 
fields has been proposed in -based on the introduction of an auxiliary worldvolume 
metric jij- that is conformal invariant only for the case p = 3 corresponding to D3-branes 
that have played a central role in recent studies of D-brane dynamics and string theory 
in particular for the AdS/CFT correspondence. The three basic examples of AdS/CFT 
duality with maximal supersymmetry are provided by taking the Dp-branes to be either 
M2-branes, D3-branes, or M5-branes. Then the corresponding world volume theories (in 
3, 4, or 6 dimensions) have superconformal symmetry. They are conjectured to be dual to 
M theory or type IIB superstring in space time geometry that is AdS^ x 5"^, AdS^ x S^, or 
AdS-r X S^. For example the isometry group of AdS^ is S0{2, 4) that is also the conformal 
group in 3 + 1 dimensions. 

It is possible to construct Weyl invariant actions associated to Dp-brane actions for 
any p by using the same ideas as the ones applied to the case of the p-brane. Here we 
will show that by introducing a non-dynamical scalar field ip with conformal weight that 
depends on the dimension we can construct conformal invariant actions for Dp-branes. Us- 
ing the conformal invariance we promote this scalar field to a dynamical variable. Possible 
extensions of this ideas can be applied to M-theory five brane action ||13|, and PST action 

This letter is organized as follows, in section 2 we introduce the bosonic Weyl invariant 
p-brane action, its symmetries and the extended energy momentum tensor. In section 3, the 
canonical analysis of the p-brane is work out in detail, obtaining the algebra of constraints 
and identifying the Weyl symmetry generator. In section 4 we construct a Weyl invariant 
supersymmetric version for any p that is quadratic in doX. The K-symmetry associated 
to this action is now in addition conformal invariant. Finally in section 5 we present the 
corresponding Weyl invariant action for the Dp-brane, and we promote the auxiliary scalar 
field to a dynamical variable preserving the conformal symmetry. 
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2 p-hrane Actions 



The propose of this section is to exphcitly show an action for p-brane systems, that is 
by construction Weyl invariant in any dimension by adding to the auxihary metric an 
auxihary scalar field with conformal factor that depends on the worldvolume dimension. 
The transformation properties for this scalar field are fixed at the beginning of the analysis 
to preserve Weyl invariance and diffeomorphism invariance. The canonical analysis shows 
a complete consistence of the constraints algebra and symmetry generators as in the case 
of the non-Weyl invariant p-brane action. 

The bosonic Nambu-Goto action for a p-brane is 

S[X'^] = -T j <F+^i^-detg,,, (1) 

where T is the p-brane tension, i = 0,1, ... ,p are the p + 1 dimensional world volume 
coordinates and 

9ij = g^.d^X'^djX-', (2) 

is the worldvolume metric induced by the space-time metric Qfj^^. The non-linear form 
of this action is inconvenient for canonical analysis and quantization. For that reason it 
is useful to introduce an auxiliary intrinsic world-volume metric 7jj to write down the 
following quadratic p-brane action 

S[X^, 7.,] = -| / rf^+^^v^ {Y^g., ~{p- 1)) . (3) 

Here 7*-^ is the inverse of 'jij and 7 denotes the determinant of jij. 

This action is invariant under the Weyl transformation —>■ exp(2a;)7jj only for 
the case p = 1. The role played by this conformal symmetry was crucial to perform the 
functional integral of the worldsheet metric reducing the problem to a two dimensional 
Liouville theory. The explicit calculation relies on the fact, special to two dimensions, that 
it is possible to choice a conformal gauge in such a way that the integration over X^^ yield 
an integral which depends on the conformal factor through the conformal anomaly. In 
higher dimensional extended objects, conformal invariance or rather Weyl invariance can 
be implemented through a higher non-polynomial action. This Weyl invariant extension 
of the action for the p-brane is 

7,,] = -Tj cP^'i^ ^-—f^g^^]^ . (4) 

This action has the same or worse drawbacks as the original Nambu-Goto action. It is 
non-polynomial and difficult to analyze and quantize. The study of this action by using 
canonical methods is highly non-trivial mainly because the non-linearity inherent in its 
definition. Indeed, the canonical momenta associated to the space-time coordinates, given 

by 

P. = -Tv^ -^7% ' l''d,X„ (5) 
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does not allow us to find the velocities in terms of the momenta for p > 1. By this reason 
we propose the introduction of a new auxiliary scalar field in addition to the intrinsic 
metric with appropriate Weyl weight to preserve the symmetries of the given action. 
The action that is now quadratic in dX is 

S\X\ V] = -1 f d^^'i U-^^l''gz, - V>iP - 1)) • (6) 
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The above action is invariant under Weyl symmetry for any p if the scalar field transforms 
as(p —>■ exp[—u{p+l))ip while the intrinsic worldvolume metric jij transforms as usual with 
the Weyl weight 2u!. Notice that in order to preserve the diffeomorphism invariance of this 
action the scalar field must also transform under diffeomorphisms as a scalar. This peculiar 
transformation property of the scalar field ip should be contrasted with the corresponding 
transformation law of the einbein introduced to remove the square root in the Nambu-Goto 
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The action (P) is classically equivalent to the original Nambu-Goto action upon the 
elimination of the auxiliary fields ip and 'jij by using its own equations of motion. It is also 
classically equivalent to (H) upon the elimination of the scalar field ip. By fixing the gauge 
for the Weyl symmetry as = 1 we recover the action for a p-brane given by (^) . 

The infinitesimal transformations of the fields that leave this action invariant up to 
a boundary term are 

= e'diX^", (7) 
6%j = e^dk-fij + diE^'^kj + djS^'^ik + 2uj-fij, (8) 
5ip = e'diip - uj{p + l)ip, (9) 

where are p + 1 infinitesimal arbitrary parameters associated with the diffeomorphism 
local invariance and u; is an arbitrary parameter responsible of the Weyl local symmetry. 
Notice the transformation property of the scalar field (^) under local diffeomorphisms. 

It is possible to construct the associated energy momentum-tensor for this theory by 
the prescription 
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This tensor is by definition Weyl invariant and is zero on-shell. Observe that this is not 
the standard definition of the energy momentum tensor because the intrinsic metric and 
the auxiliary field transforms under the Weyl symmetry. The solution for 'jij is 7jj = jSgij 
with /3 an arbitrary conformal factor. This tensor has zero trace as a consequence of Weyl 
invariance and it is the same as the one reported in up to irrelevant factors. It could 
be interesting to work the trace anomaly for the associated conformal theory in the search 
of critical dimensions for these conformal invariant theories. 

We have also worked out the double dimensional reduction for our conformal 
action (|^) in the case p = 2, to recover the conformal invariant string theory. Taking into 
account that our theory is conformal we can expect some new behavior of this symmetry 
upon double dimensional reduction. Nevertheless, we found that the conformal theory 
underlying the compactification is not affected by the original conformal symmetry of the 
action @. 
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3 Canonical analysis of the Weyl invariant ^-brane 



In this section we develop the canonical formulation of the action in Minkowski space- 
time and compute the algebra of constraints. To construct the associated canonical analysis 
for the action (P) we assume that the topology of the world-volume M'''^^ is of the form 
X 3?, where is a p dimensional compact manifold. Following the ADM construction 
we introduce a shift vector iV° (a = 1, ...,p) and a lapse function N. Using these variables 
the metric of the world-volume can be written as 

7oo = -iV'7 + 7a6iV'^A^^ ^Oa = %bN\ 7ab = (11) 

where is the intrinsic metric of S^. Substituting (|TT|) in the Lagrangian action we 
find 

S=-7:J d^^-'d^ [-X^ + 2N''X^daX^ + [N^^r' - N'^N') gat] - {p - l)^^ 
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(12) 

The associated canonical momenta to the configuration variables {X'^, N, N"", 7"'', ip) are 



P, = {X, - N^d^X,) , (13) 

TT 0, TTa^O, TTab ~ 0, TT^ ^ 0. (14) 

The basic Poisson brackets are 

{Nm,n{C)} = wi^-c), Mo,^AC)} = n^-c), (15) 

From the definition of the momenta we obtain ^p^^^^p^'^^ + 1 primary constraints. The total 



Hamiltonian associated to ([T^) is 

Ht = J d^i (y {^^'^^P,P^ + T</.?^^77"V - T^^{p - 1)) + iV^P^S.X^ 

+A^7r^ + AtT + X'Tla + A'^^TT^b) , (16) 



here the A's are the Lagrangian multipliers associated to the primary constraints. By 
using the Dirac method the evolution in time of these constraints generate the following 
(p -|- l)(p + 2)/2 secondary constraints 

^ = \ [^P.P" + T^'-^^r'gab - V-i^7(p - 1)) ^ 0, 

Ha = P.daX^^O, (17) 

^ab = T{gab - V^'lab) ~ 0. 
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The evolution in time of these secondary constraints does not produce new constraints. 
To spht the constraints according to its first or second class character we observe that 
the constraints and iTab are second class. This are p{p + 1) constraints. Furthermore, 
from the range of the matrix defined by the Poisson brackets between all the constraints, 
we conclude that there are no more second class constraints. By a redefinition of the 
constraints H, Ha and tt,^ on the constraint surface, the algebra of the complete set of 2p+3 
first class constraints can be closed up to quadratic pieces in second class constraints. To 
that end we propose the following complete set of constraints 

First class: 

n ^ 0, TTa ^ 0, (18) 

X, = 7r^ + -A_(^-FTT-V'^Vb~0, (19) 



2 ^ . _^ 

Ta = na + 2daX^db{cp-^^7r'"'dcX^)^0. (21) 



Second class: 



TTab ~ 0, ~ 0. (22) 

The Poisson bracket between the second class constraints is 

{^abiO^^cdiO} = l{%c^M + %d%c)^^'S^{^ - O (23) 

To compute the algebra on the second class constraint surface we introduce the Dirac 
bracket, 

{F, Cy = {F, G} + i ( / d^C{F, ^abiOW^r'^l'^iOUcdiO, G} 

- J d^aF^TTabiow^T f'm^cciio^Gjy (24) 

The relevant Dirac brackets between the canonical variables are 

{x^{o,PAe)r = si^5^{c-e), wo,^(r)r = ne-e'), 

mo, ^6(0}* = st5^{c-o, Mo,Mor = 

{r\o,^c,{ar = o, (25) 

{r\o,p^.(e)r = ^-^^r''f'[ddX^djp(^-e)+d.x^d,5P(^-e)], 

Using these Dirac brackets the full Dirac algebra of the densitized constraints is 
{F[f],nMr = {F[f],nMr-0, 

mfimr = {T,[/],r„b]r = o, 

{T[fir[g]r = %[{fdbg - gdbf)<p^'-^^^rX (26) 

{T[f],%[g]r = r[fdag-gdj], 

{%[f],Tb[g]r = Tb[fdag]-%[gdbf]. 
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where F is any function of the canonical variables. 

From this analysis we can conclude that the standard diffeomorphism algebra for 
the p-brane is reproduced but with different structure functions that are now modified to 
preserve the Weyl symmetry. Compared to the standard non-conformal p-brane action (j^) 
here we have a new symmetry generator —uj{p + for the Weyl local transformation 

through the corresponding Dirac brackets. From constraint analysis we obtain the number 
of physical degrees of freedom in the following way. We have D + 1 + [p + l){p + 2) /2 
configuration variables, 2p + 3 first class constraints and p{p+ 1) second class constraints. 
Then the number of physical degrees of freedom per space-time point is, D — [p + 1). 



4 Conformal Actions for Super p-Brane 

In previous sections we show how to build Weyl invariant actions for bosonic p. In this 
section we will extend the construction of the Weyl invariant p-brane action (|^) to the 
supersymmetric Green-Schwarz type actions in curved space-time. 

Following the construction of the super p-brane in fl^ we add to the action @ a 
Wess-Zumino term Q 

S [X^ 7.,, ^] = -| / d'^'^iv^ {^'-^^Y'diX^d,X''G,p - vip - 1) 



+j:;rT^e'^'--'^^^d.,X'^W,,X'^^ ■ ■ ■ \^,X'^^^^B,^^,...,,,, , (27) 
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{pTiy: 

where G^i, is the background metric and B is an antisymmetric tensor. This action (p7| ) 
preserves the Weyl symmetry under transformations of the intrinsic metric and auxiliary 
field proposed in section 2. To obtain the super p-brane action, we introduce the coordinates 
of the curved super-space-time 

Z^ = (X^,r), (28) 

and the supervielbein E^^{Z), where M = are super-space-time indices and A = a,a 
are indices in the associated tangent space. Defining the supervielbein pull-back 

Ef = d^Z^'Et,, (29) 

the action in the superspace can be written as 

S[Z'', 7.,, ^] = / d"-"'^ { {v'-^^Y^E^E'^Vab -Vip-l 

+ ■ ■■K:TBa,..-a.]- (30) 

This action is invariant under the super world volume diffeomorphisms and Weyl transfor- 
mations 

6Z^^ = r]'diZ^, S^ = r]'d,^-uj{p+l)ip, 
6%j = rii^dkiij + di'q^-ijk + djri^-iik + 2uj^ij, (31) 



^Here p and the space-time dimension are restricted by the brane scan |li 
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where r]^ are the infinitesimal parameters associated with the diffeomorphism transforma- 
tion. Furthermore, it is invariant under supersymmetric local k transformations, given 

by 



1 2 



= 0, 

+ . .J, . {-2iip-^^^'^E^E-jTa)af^ + {p+ 1)A/3)k^ 



+ 2y^ip'^'^Y^E^Ap, (32) 

where is a spinor in the space-time and a scalar in the worldvolume. Here we have 

used the notation 

SE^ = SZ^E^, (33) 
where (F)'^^ and Af^ are defined in terms of the torsion of the super space 

c 



/3' 



(34) 



T-i a 



-22(r)„, 



(35) 



with ( = (— l)(p+i)(p 2)/4^ Notice that the form of this ^-transformation is very similar to 



the previously one found in ^7j, with the remark that in our case the ^-transformation 
( P^ preserves the Weyl invariance. The action ( PO] ) is quadratic in d^X allowing also a 
detailed canonical analysis pO[|. 



5 Weyl invariant action for D^^-brane 

The Born-Inf eld-type action for Dp-brane is 

S=-T j rff+ieexp(-0)/^d^t(^~T7^^, (36) 

where 

and (f), Qij and Bij are the puUbacks to the world- volume of the background dilaton, metric 
and NS antisymmetric two- form fields and Fij = diAj — djAi is the field strength of the 
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U{1) world-volume gauge field Ai. The action ( PB| ) was rewritten in a more geometric way 
in H^, introducing an intrinsic metric 'jij, obtaining the classically equivalent form 



l/4(_^)l/4 U^^g^^ _ g'^ljr^^jr^^) - b - 3) 



(38) 



This action is the analog of the Polyakov action for the string and has the characteristic 
that is invariant under Weyl transformations 



jij exp(2u;) jij, 



(39) 



only for p = 3. This property can be extended to any dimension using an alternative action 
to (|38|) . The form of the action that is Weyl invariant for any p is 



S = -T J d^^'^exp{-<f^){-gY/\-^) 



1/4 



1 



P+i 



p+i 

4 



(40) 



Using the equation of motion for •jij, the action ( ^OD reduces to the Born-Infeld action 
(|36D . Also, we can see that for p = 3 the action (^Of ) is equal to (|38D . However, for 
any dimensions, we have again the problem that this action is highly non-linear and then 
difficult to analyze and quantize. To solve this difficulty we introduce, in a similar way to 
the case of the p-brane, an auxiliary field that eliminates the power of 2±i in the action. 
The resulting expression is 



T 

^ = -4 



<i'+'fexp(-^,)(-9)'/'(-7)"-' 



P-3 



(41) 



The above action is invariant under the Weyl transformation (^) iff the auxiliary field (p 
transforms as 



if — >• exp 



- — (p 



(42) 



and in this way compensates the transformations of the intrinsic metric jij. Furthermore, 
from the equation of motion for we get 



1 



4 



v+1 



(43) 



Using this expression for (p in (^TJ) we recover (^0]). This shows that both actions are 
classically equivalent and also Weyl invariant for any p. Nevertheless, the action ( ^T]) is 
quadratic in the field strength jFjj for any dimension whereas (^O]) is quadratic only for 
p = 3. 

For the action (^O]) we define a Weyl invariant energy-momentum tensor T^^ using 
the expression 



rplj 



1 



■7) 



p+1 . 



5S 



exp(-0)(-5()^/^(-7)4(p+''i) 



p-3 

v+1 



ki IjQ 



7 7 



kl 



(44) 
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where Gij = gij — g \Fik^ij and 7 • G = ■ This tensor is traceless 'jijT^^ = for 

any dimension as a result of the Weyl invariance. For the action (^TD we can introduce an 
equivalent energy-momentum tensor that is also traceless and is given by 



1 



-7) P4 



6S 



6S' 



7 

4 ' 5^ 



exp ( -0) ( -51) ^/"^ ( -7) ^ 



7' 



7 7 



(45) 



By using the equation of motion 



the energy-momentum tensor ([45|) is exactly the 



same as (^4|). 



From this new form of the Weyl invariant action for Dp-branes (41), we can construct 
new conformal couplings of the scalar field with the gauge fields on the brane. The trans- 
formation law for the scalar field under diffeomorphisms suggest that it can be promoted 
to a dynamical field playing the role analogous to a space-time coordinate. Considering 
that the transformation (|42|) is equivalent to a U(l) gauge transformation with imaginary 
parameter, a natural way to minimally couple the scalar field ip to the gauge fields Ai is 



by the introduction of the Weyl covariant derivative ||2T 

V, = di + Ai, 



(46) 



and requiring that the vector potential Ai transform under the Weyl symmetry as a U{1) 
gauge connection, i.e., 

Ai^A, + ^-^diu. (47) 
As a consequence of this property the covariant derivative turns out to be 



V,^^exp[^-{p+l)jVi^. (48) 
A Weyl invariant action with the scalar field if promoted to a dynamical variable is 



S=- 



T 



where the new induced metric is 



9^J = gf.udiX^d.X" + if-^Vi<fVj<f. 



(49) 



(50) 



Notice that in addition to the standard space-time induced metric, the scalar and the gauge 
fields modify the induced metric on the brane. In this sense these fields induce curvature 
on the brane. 

By the elimination of the auxiliary metric jij we recover a Born-Infeld type action 
( |36D with the induced metric given by ( pOD . Notice that this conformal coupling is different 



from the one proposed in pT| , where the induced metric gij does not depends on the scalar 
field and transform under the conformal symmetry. In this model it is also possible to 
incorporate world-volume dynamical gravity in a Weyl invariant way by adding a fourth 



derivative Weyl term or by using the Einstein term with the compensator Lp |£T], ^2 . 
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In this letter we have constructed Weyl invariant versions of the p-brane and Dp- 
brane bosonic actions and the space-time supersymmetric extension for the p-brane case 
by using an auxihary scalar field. One important feature that emerges from the p-brane 
action is that it is quadratic in the associated velocities X. As a consequence of this fact 
the canonical analysis was work out in detail and it may be possible to obtain some relevant 
quantum properties as the potential existence of a conformal anomaly associated to the 
stress tensor ([T0|) , and the analysis of the potential appearance of critical dimensions. 

In our discussion of the space-time supersymmetric case we observe that the k sym- 
metry constructed in ( |32D is now conformal invariant. For the spinning membrane case 
the construction of Weyl invariant actions using auxiliary scalar fields has been proposed 
recently in [Q. 

We have not investigated about if the auxiliary scalar field can be used to parameterize 
the conformal diffeomorphisms that are a subclass of the remaining symmetries after a 
covariant gauge has been imposed. 

An interesting property of the conformal Dp-brane action is that it is now possible to 
use the conformal symmetry as a guiding principle to construct couplings of the auxiliary 
field with the dynamical fields of the theory. The conformal symmetry induces couplings 
to the gauge fields and deform the induced metric on the brane. 

The authors acknowledge partial support from the grants DGAPA-UNAM INI 00397, 
IN117000 and CONACyT-32431-E. 
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